It is well-known that Z is a perfectly normal space (normal P-space) if and only if X x Z is perfectly normal (normal) for every metric space X. Conversely, denote by Q (resp. N) the class of all spaces X whose products X x Z with all perfectly normal spaces (all normal P-spaces) Z are normal. It is natural to ask whether Q and N necessarily coincide with the class M of metrizable spaces.
It is well-known that Z is a perfectly normal space (normal P-space) if and only if X x Z is perfectly normal (normal) for every metric space X. Conversely, denote by Q (resp. N) the class of all spaces X whose products X x Z with all perfectly normal spaces (all normal P-spaces) Z are normal. It is natural to ask whether Q and N necessarily coincide with the class M of metrizable spaces.
Clearly, M c N c Q. We prove that first countable members of Q are metrizable and that under V = L the classes M and N coincide, thus giving a consistency proof of Morita's conjecture. On the other hand, even though Q contains non-metrizable members, it is quite close to M: the class Q is countably productive and hereditary, and all members X of Q are stratitiable and satisfy c(X) = l(X) = w(X). In particular, locally Lindelof or locally Souslin or locally p-spaces in Q are metrizable.
The above results immediately lead to the consistency proof of another Morita's conjecture, stating that X is a metrizable ~-locally compact space if and only if X x Y is normal for every normal countably paracompact space Y. No additional set-theoretic assumptions are necessary if X is first countable.
In our investigation, an important role is played by the famous Bing examples of normal, non-collectionwise normal spaces. Answering Dennis Burke's question, we prove that products of two Bing-type examples are always non-normal.
Introduction
Clearly, M = N = Q. We prove that first countable members of Q are metrizable and that under V = L the classes M and N coincide, thus giving a consistency proof of Morita's conjecture. On the other hand, even though Q contains non-metrizable members, it is quite close to M: The class Q is countably productive and hereditary, and all members X of Q are stratifiable and satisfy c(X) = 1(X) = w(X). In particular, locally LindelGf or locally Souslin or locally p-spaces in Q are metrizable. Our results, therefore, essentially improve those obtained earlier by K. Chiba [2, 3, 4] and by T. and K. Chiba [5] . We also present a simple example of a non-metrizable space of cardinality w, in Q. in H may also depend on some other parameters, which are however, irrelevant for our study).
We will denote by H(K) any Bing-type example for which IDI 2 K > w. It is immediate that both examples G and H constructed by Bing [l] , as well as many of their later modifications (see e.g. [7] and [6] ) are Bing-type examples. In particular, for every K > w there exist v-discrete, perfectly normal and metacompact Bing-type examples H(K) [7] . Applying the A-lemma, one easily sees that Bing-type examples are never w,-collectionwise Hausdorff.
We prove that normality of a product space X x H(K) imposes strong restrictions on X; in particular, it implies that X is K-collectionwise
Hausdorff. This shows that products of two Bing-type examples are always non-normal, thus answering Dennis Burke's question [13] .
Our paper is organized as follows. In Section 2 we prove four theorems and a basic proposition showing how normality of XX H(K) affects X. In Section 3 we derive from these theorems the properties of the class Q of spaces whose products with all perfectly normal spaces are normal. A simple example of a non-metrizable space in Q is given in Section 4. Section 5 is devoted to the class N and to the consistency proof of Morita's conjectures. All spaces are assumed to be T3. For all undefined symbols and notions the reader is referred to [6] and [15] . In particular, by w(X), d(X), c(X), Z(X), he(X), e(X), etc. we denote the weight, the density, the Souslin number, the LindelSf number, the hereditary Souslin number (spread) and the extent of a space X, respectively. We denote by T<O the set of all finite subsets of T, by TA the set of all functions from A into T and by f] A the restriction off to A.
Products with Bing-type examples
The following lemma shows that normality of X x H(K) implies that X has a 'a-cushioned expansion property' for compact families of cardinality Let S,, ={a E K:*/F~I G n and fa(Fa) = n}. Obviously, l-l,,<, S,, = K. Suppose that condition (1) fails for some n and some S c S,,. There exists therefore an X,,E X such that x~EU{U,:
cu~S}\u{G,: (YES}.
Clearly, there exists an L E T<" such that x0 E lJ { U,: a E S, It was essentially proved in [3] that normality of X x H(K) with K a 1x1 implies perfect normality of X. Here, we strengthen this result.
Theorem 2. Zf X x H(K)
is normal and K > [XI, then X is perfectly paracompact. More generally, the condition K 2 1x1 can be replaced by the assumption that X is a union of SK compact sets.
Proof. We prove perfect normality of X first. Let F be a closed subset of X and suppose that X = U {C,: a < K} and C, are compact. Since H(K) is not o,-collectionwise normal, the spaces C, are metrizable [9] and therefore C,\F = U {Ca,n: n < w}, where C,,, are compact. For every (a, n) let G,,, = X\E By Lemma Proof. Let U be a base of X of cardinality SK and let {(x~, U,): (Y E K} be the enumeration of all possible pairs (x, U), where x E U E U. By Lemma 1 there exist open sets G, and subsets S,, of K such that x, E G,, U,<, S, = K and for every n < w and every S c S, we have u{G,:
For every open set W in X and every n < w define W(n) = IJ {G,: U, = W, (Y E S,}. Clearly, the sets W(n) are open, W c V implies W(n) c V(n) and W = U n<W W(n). By (5), we also have W(n) = W, which proves that X is stratifiable. Proof. It follows from Theorems 3 and 4 that X is stratifiable and k(X) = w(X).
Always, e(X) < Z(X) G w(X), e(X) s k(X) and c(X) G k(X) (see [6, In fact, the following basic result holds, which plays a fundamental role in the consistency proof of Morita's conjectures. 
Proposition 1 (basic). Suppose that (Y, U) is a non-metrizable topological space and
K = IUI.
There is a perfectly normal Bing-type example H(K) such that if Y x H(K)
is
Claim. For each y E Y, & is countable.
Suppose that Ey is not countable. let u=uO~(domuO-{A}). Since a,,~&,, YE VvO-Vc. So there must exist x E U n V,, and y E r, such that A E dom y and y(A) # u,(A) but y agrees with u on their common domain. There is an (Y < w1 such that ((dom y) n E) c E,; thus x E U n Y&; and the proof of the claim is complete.
Continuing
the proof of Proposition 1 we begin our construction of a u-locally finite basis for Y, thus proving that Y is metrizable.
By the Claim we can index Zy = {uiyl i E N}. i, j,, i2, j,) . So we are done.
Case b,. uip # u~,~, for any i, E N. Since yz E Vv,P there must be some i, E N such that u-,2y2 5 uip-Let S2 = (Y, i, j,, U2, y,, i2, j,) . By the definition of uip, p TV V, for any r $2 uip; SO P @ vm,2,z; but p E U2 so p E Xs2 c W,,. Thus there is j, E N and U, E L,, such that p E U,. Let y3 = yu,. Then U, = Wv, (y3 Since every normal P-space is countably paracompact, whenever the characterization in Conjecture I holds for a given space X, the corresponding characterization in Conjecture II holds for that space, too. In particular, we have the following two results: 
